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ABSTRACT

The migration interval is one of the fundamental parame-
ters governing the dynamic behaviour of island models. Yet,
there is little understanding on how this parameter affects
performance, and how to optimally set it given a problem in
hand. We propose schemes for adapting the migration in-
terval according to whether fitness improvements have been
found. As long as no improvement is found, the migration
interval is increased to minimise communication. Once the
best fitness has improved, the migration interval is decreased
to spread new best solutions more quickly. We provide a
method for analysing the expected running time and the
communication effort, defined as the expected number of
migrants sent. Example applications of this method to com-
mon example functions show that our adaptive schemes are
able to compete with, or even outperform, the optimal fixed
choice of the migration interval, with regard to running time
and communication effort.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity|: Nonnumerical Algorithms and Problems

Keywords
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terval, runtime analysis, theory

1. INTRODUCTION

Evolutionary algorithms (EAs) have given rise to many
parallel variants [13, 20| fuelled by the rapidly increasing
number of CPU cores and the ready availability of computa-
tion power through GPUs and cloud computing. Paralleliza-
tion provides a cost-effective approach to solving problems
in real time and for tackling large-scale problems.

There are many variants of parallel evolutionary algo-
rithms, from parallelising function evaluations on multiple
processors to fine-grained models such as cellular EAs and
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coarse-grained EAs such as island models [20, 13]. In the
latter approach, multiple populations evolve independently
for a certain period of time. Every 7 generations, for a pa-
rameter 7 called migration interval, individuals migrate be-
tween islands to coordinate their searches. Communication
takes place according to a spatial structure, a topology con-
necting populations. Common topologies include rings, two-
dimensional grids/toroids, hypercubes, or complete graphs.

Island models are popular optimisers for several reasons:

e Multiple communicating populations can make the
same progress as a single population in a fraction of

the time, speeding up computation.

Small populations can be simulated faster than large
populations, reducing execution times [1].

Periodic communication only requires small band-
width, leading to low communication costs.

Solution quality is improved as different populations
can explore different regions of the search space.

The usefulness of parallel populations has been demon-
strated in thousands of successful applications ranging from
language tagging, circuit design, scheduling and planning to
bioinformatics [13, 3].

However, designing an effective parallel evolutionary algo-
rithm can be challenging as the method and amount of com-
munication needs to be tuned carefully. Too frequent com-
munication leads to high communication costs, and it can
compromise exploration. Too little communication means
that the populations become too isolated and unable to co-
ordinate their searches effectively. There is agreement that
even the effect of the most fundamental parameters on per-
formance is not well understood [13, 3].

We make a contribution towards finding good values for
the migration interval, the parameter describing the fre-
quency of migration. We propose adaptive schemes that
adjust the migration interval, depending on whether islands
have managed to find improvements during the last migra-
tion interval or not. The goal is to reduce communication,
while not compromising the exploitation of good solutions.
The main idea is: if an island has improved its current best
fitness, migration is intensified to spread this solution to
other islands. Otherwise, islands decrease the frequency of
migration in order to avoid large communication costs.

Two different adaptive schemes are proposed. In both
of them islands have individual migration intervals which
are adapted throughout the run. In Scheme A if an island
has not improved its current best fitness during the last mi-
gration interval, its migration interval is doubled. Once an



improvement is found, the migration interval is set to 1 to
communicate this new solution quickly. In Scheme B an
island also doubles the migration interval when no improve-
ment was found, while when an improvement is found, it
halves 7 at the end of the current migration interval.

We show that doubling the migration interval guarantees
for elitist EAs that the number of migrations from an island
is logarithmic in the time this island spends on a certain
fitness level, i.e. for any value of the current best fitness.

We contribute a rigorous analytical framework that yields
upper bounds on the expected optimisation time and the
expected communication effort, defined as the total number
of migrants sent. This is done for fixed migration inter-
vals in Section 3, Scheme A in Section 4, and Scheme B
in Section 5. Our adaptive schemes are then compared in
Section 6 against the best fixed values of the migration in-
terval for classical test problems. The results reveal that our
adaptive schemes are able to match or even outperform the
best fixed migration intervals with regard to the expected
parallel time and the expected communication effort.

1.1 Related Work

This paper is in line with recent theoretical research on
the running time of parallel EAs. Léssig and Sudholt [8]
presented a method for analysing speedups in island models,
and applications to combinatorial problems [10]. Neumann,
Oliveto, Rudolph, and Sudholt [15] considered the benefit
of crossover during migration for artificial problems and in-
stances of the VERTEX COVER problem. Mambrini, Sudholt,
and Yao [14] studied the running time and communication
effort of homogeneous and heterogeneous island models for
finding good solutions for the NP-hard SET COVER problem.

Skolicki and De Jong [19] investigated the impact of the
migration interval and the number of migrants on perfor-
mance, while different migration policies were compared by
Araujo and Merelo [4]. Bravo, Luque and Alba [5] studied
the effect of the migration interval when tackling dynamic
optimization problems.

Alba and Luque [2] analysed growth curves and takeover
times based on migration intervals and migration topolo-
gies, showing how quickly good solutions spread in an island
model. Theoretical analyses were presented by Rudolph [18].

Lassig and Sudholt [11] presented a theoretical analysis
and a problem where island models excel over both panmic-
tic populations as well as independent runs. This requires
a delicate choice of the migration interval, and performance
degrades drastically when suboptimal parameter values are
being used. This again emphasises the importance of this
parameter for the performance of island models.

Hong, Lin, Liu, and Lin [6] and Lin, Hong, and Lin [12]
presented a fitness-based adaptive migration scheme: each
island compares its increase of its best fitness over the last
migration interval with the same quantity from the migra-
tion interval before. If the new fitness increase is larger than
the old one, the migration interval is increased by some con-
stant value. Otherwise, it is decreased by the same con-
stant value. A preliminary experimental study on random
0/1 knapsack problem instances showed that the adaptive
scheme can lead to a better final fitness [6].

The difference in our scheme is that we adapt the migra-
tion interval in opposite directions: we decrease the migra-
tion interval in case of good fitness gains and increase it
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otherwise. Furthermore, our changes to the migration inter-
val are most drastic than their additive changes.

Osorio, Luque, and Alba [17, 16] presented adaptive
schemes for the migration interval, which aim for conver-
gence at the end of the run (for runs of fixed length). The
migration interval is set according to growth curves of good
individuals and the remaining number of generations; mi-
gration intensifies towards the end of a run. They obtained
competitive performance results, compared to optimal fixed
parameters, for MAX-SAT instances [16]. Our perspective
is different as we do not optimise for fixed-length runs.

Finally, Lissig and Sudholt [9] presented schemes for
adapting the number of islands during a run of an island
model (and offspring populations in a (14+A) EA). Scheme A
doubles the number of islands if no improvement was found
in a generation. Otherwise, the number of islands drops to
one island. Scheme B also doubles the number of islands
when no improvement is found, and halves it otherwise.
Both schemes achieve optimal or near-optimal parallel run-
ning times, while not increasing the total number of function
evaluations by more than a constant factor. Our schemes for
adapting the migration interval are inspired by this work.

2. PRELIMINARIES

We define the parallel EAs considered in this work, which
contain our adaptive schemes. Our analytical framework
is applicable to all kinds of elitist EAs: EAs that do not
lose their current best solution. We define our schemes for
maximisation problems.

Scheme A (Algorithm 1) maintains a migration interval T;
for each island. As soon as the current best fitness on an
island has improved, the migration interval for that island
drops to 1, so that the island will communicate this solution
to its neighbouring islands at the end of the generation. If
no improvement of the current best fitness is found after 7;
generations, the migration interval 7; doubles.

Algorithm 1 Elitist parallel EA with adaptive Scheme A

1: Initialize X islands P{, ..., P{ uniformly at random and
let 7; := 1 for each island.
2: Let f; be the best fitness value for each island
Pt P,
for t :=1 to co do
for all 1 <14 < )\ in parallel do
5: Simulate one generation of the EA and create a new
population P/ ;.

6: Update Pti_‘_l by selecting a new population from
P{,, and all immigrants, keeping the best individ-
uals.

7: Let f;' be the best fitness value for P/, ;.

8: if .fi*, > .fi* then

9: Let ;=1

10: Let f; := f'

11: else

12: Let 7, i=7; -2

13: end if

14: if t mod 7; = 0 then

15: Send a copy of a fittest offspring in P, to all

neighbouring islands.

16: end if

17:  end for

18: end for




For the purpose of a theoretical analysis, we assume that
all islands run in synchronicity: the t-th generation is exe-
cuted on all islands at the same time. However, this is not
a restriction of our adaptive scheme as it can be applied in
asynchronous parallel architectures using message passing
for implementing migration.

Inspired by [9], we also consider a Scheme B where the
migration interval is being halved once an improvement has
been detected. Thus line 9 in Algorithm 1 is replaced with
“Let 7; := 7;/2”. The advantage of Scheme B is that it uses
less communication than Scheme A, and if there is a good
region in the parameter space of 7, our hope is that it will
maintain a good parameter value in that region over time.

We provide general methods for analysing the expected
parallel time and the expected communication effort for ar-
bitrary elitist EAs that migrate copies of selected individuals
(the original individuals remain on their island). The paral-
lel time is defined as the number of generations until a global
optimum is found and denoted T®%". The communication
effort T°°™ is defined as the total number of individuals mi-
grated until a global optimum is found. For simplicity and
ease of presentation, we assume that each migration only
transfers one individual; if ¥ > 1 individuals migrate, the
communication effort has to be multiplied by v.

In order to demonstrate and illustrate this approach, we
consider one simple algorithm in more detail: following [9],
the parallel (141) EA is a special case where each island
runs a (1+1) EA.

In terms of communication topologies, for Scheme A we
consider general graphs on A vertices and the following com-
mon graphs. A unidirectional ring is a ring with edges going
in one direction. A grid graph contains undirected edges
with vertices arranged on a 2-dimensional grid. A torus can
be regarded a grid where edges wrap around horizontally
and vertically. A hypercube graph of dimension d contains
2¢ vertices. Each vertex has a d-bit label, and vertices are
neighboured if and only if their labels differ in exactly one
bit. The complete graph contains all possible edges. For
Scheme B we only consider complete topologies as on sparse
topologies migration intervals may adapt too slowly (see Sec-
tion 5). Then all islands use the same migration interval.

The diameter diam(G) of a graph G with X vertices is
defined as the largest number of edges on any shortest path
between two vertices. The unidirectional ring has the largest
diameter of A. The diameter of any grid or torus graph
with side lengths v/X x v/ is at most 2v/X. The diameter
of a (log A\)-dimensional hypercube is log A, and that of a
complete topology is 1.

3. FIXED MIGRATION INTERVALS

In order to compare our adaptive schemes against fixed
migration intervals, we first need to investigate the lat-
ter. Lissig and Sudholt [8, 11] presented general upper
bounds for the parallel optimisation time of island mod-
els with different topologies. Their method is based on the
so-called fitness-level method, also known as fitness-based
partitions [21].

Throughout this work, we use a special case of this
method: without loss of generality consider a problem
with fitness values 1,...,m. Consider fitness-level sets
Ai,..., A, such that A; contains all points with fitness .
In particular, A,, contains all global optima. We further
assume that, if the current best individual of a population is

in A;, there is a lower bound s; for the probability of finding
a higher fitness level A;4+1 U---U A,, in one generation. It
is easy to show that then Ez_ll 1/s; is an upper bound for
the expected running time of an elitist EA.

Léssig and Sudholt [8, 10] showed how upper bounds on
the parallel optimisation time can be derived through gen-
eral functions on these success probabilities si1,..., Sm—1.
They considered migration in every generation (7 = 1) [10]
as well as probabilistic migration, where every island in-
dependently decides for each neighbouring island whether
migration occurs, and the probability for a migration is a
fixed parameter p [11]. The following theorem is an adap-
tation of their results for periodic migration with migration
interval 7 [11]. The results for the expected communication
effort on a topology with edge set E follow from multiplying
the expected parallel time by |E|/7, as this term reflects the
average number of migrated individuals across the topology
in one generation. The upper bounds on the expected par-
allel time can be derived as in [11]. We do not give a formal
proof due to space restrictions.

THEOREM 1. Consider an island model with X islands
where each island runs an elitist EA. Fvery T iterations
each island sends a copy of its best individual to all neigh-
bouring islands. FEach island incorporates the best out of
its own individuals and its immigrants. For fitness-level sets
A1, ..., Am, Ai containing all points of the i-th fitness value,
let s; be a lower bound for the probability that in one genera-
tion an island in A; finds a search point in Aiz1U---U Ay,
Then the expected parallel optimization time E (TP*") and
the expected communication effort E (T°™) are at most

for every unidirectional ring,

E(Tpar <37 2/3 Z

E(T°™) < 12A7 /3 Z
1

m—1 m—1
1 1 1
par
E(T )ng—FTZlog (78i> +X Z P

i=1

m—1 m—1
com 1 log)\
E(T < \(L (1 I —
( ) < A(log N)m + A(log ) ; 0g(7’s>+ S
for the (log \)-dimensional hypercube, and
m—1
E(Tpar)<m7'—|—m+ Z_
m—1
E(Tcom)S)\(A—l)m+>\()\_1)m—|—)\_1 l
T T i

for the complete topology K.



These bounds match the ones from [7] for the case of
probabilistic migration, if we compare T against a migra-
tion probability of p = 1/7; the constant factors here are
even better. The constants for probabilistic migration are
higher to account for the variation in the spread of informa-
tion. Periodic migration is more reliable in this respect since
information is guaranteed to be spread every T generations.

4. ADAPTIVE SCHEME A

In this section we analyse Scheme A on different topolo-
gies, including those from Theorem 1. Note that whenever
an island improves its current best solution, a copy of this
solution is being spread to all neighbouring islands immedi-
ately. Thus, good fitness levels spread in the same way as a
migrating in every generation would do, i.e., using a global
parameter 7 = 1. This means that the upper bounds from
Theorem 1 apply for 7 = 1.

THEOREM 2. For Scheme A on topologies from Theo-
rem 1, the expected parallel optimisation time is bounded
from above as in Theorem 1 with 7 = 1.

Note that the bounds on the expected parallel time from
Theorem 1 are minimised for 7 = 1. This implies that we get
upper bounds on the expected parallel time equal to the best
upper bounds for any fixed choice of the migration interval.
In case these bounds are asymptotically tight, this means
that our adaptive Scheme A never increases the expected
parallel running time asymptotically.

The intended benefit of Scheme A comes from a reduced
communication effort as all islands decrease communication
while no improvement is encountered through either varia-
tion or immigration. The expected communication effort is
bounded from above in the following theorem. The main
observation is that for each fitness level, the number of mi-
grations from an island is logarithmic in the time it remains
on that fitness level. For an upper bound we consider the
expected worst-case time spent on a fitness level A;, where
the worst case is taken over all populations with its best
individual in A;.

THEOREM 3. Consider Scheme A on an arbitrary com-
munication topology G = (V,E) with diameter diam(G).
Let E (TP™) be (an upper bound on) the worst-case expected
number of generations during which the current best search
point in the island model is on fitness level i. Then the ez-
pected communication effort is at most

BT < B3 log (B(TP¥) + dism(G)).

i=1

Proof. Initially, and after improving its current best fitness,
an island will double its migration interval until its current
best fitness improves again. If the current best fitness does
not improve for t generations, the island will perform at
most log ¢ migrations.

Consider an island v after reaching fitness level i for the
first time, either through variation or immigration. If no
other island has found a better fitness level, the random
parallel time for some island finding such an improvement is
given (or bounded) by TP*". Then this solution (or another
solution of fitness better than i) will be propagated through
the topology, advancing to neighbouring islands in every
generation. Hence, some solution on a better fitness level
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than ¢ will eventually reach v within the following diam(G)
generations. The latter also holds if some island has already
found a better fitness level than ¢ at the time v reaches fit-
ness level i. In any case, the total time v will spend on
fitness level i is at most TP* + diam(G).

An island v in the topology with outdegree deg™ (v) will
send deg™ (v) individuals during each migration. Hence, the
total number of migrated solutions in ¢ generations on fitness
level ¢ is at most

Z deg™ (v) -logt = |E|logt.

veV

The expected communication effort, therefore, is at most
E(T°") = > Pr (TP + diam(G) = t) - | E| log t
t

= |E| - E (log(TP*" + diam(G)))
< |B] - log (B (TP + diam(G)))
= |E|log (E (TP*") + diam(G)) ,

where the inequality follows from Jensen’s inequality and
the fact that log is a concave function. O

The communication effort is proportional to the logarithm
of the expected time spend on each fitness level. For func-
tions that can be optimised by the island model in expected
polynomial time, and for polynomial A (note diam(G) < \),
this logarithm is always at most O(logn). Then Theorem 3
gives the following upper bound.

COROLLARY 1. Consider a fitness function f with m fit-
ness values, such that f is being optimised by the island
model in an expected polynomial number of generations, for
every initial population. If also A = n°M  we have

E(T°™) < O(|E|m - logn).

The expected parallel time on a fitness level can be smaller
than a polynomial: if sufficiently many islands are being
used, and the topology spreads information quickly enough,
it can be logarithmic or even constant. For specific topolo-
gies we get the following results by combining Theorem 3
with bounds on the parallel time from Theorem 1.

THEOREM 4. Given success probabilities si,...,Sm—1 as
in Theorem 1, the expected communication effort for
Scheme A is bounded from above for certain topologies with
A islands as follows:

1. X Z:’;_ll log (#1/2

ing,

+ )‘z —l—)\) for a unidirectional

2. 4\ Zzz_ll log (+/3 + %57 + 2\/X) for every undi-
rected grid or torus with side lengths VA x VX,

3. Alog \) 7 log (1og (i) + 3+ log A) for the

i

(log \)-dimensional hypercube,
4. A(A=1) Z:’;_ll log (2 + %57) for the complete graph.

We demonstrate the application of this theorem in Section 6.



5. ADAPTIVE SCHEME B

Scheme A resets the migration interval of an island to 1
every time an improvement is found. We propose Scheme B
which halves this value instead. This may be advantageous if
there is a “Goldilocks region” of good values for the migration
interval. In contrast to Scheme A, Scheme B should be able
to maintain a value in that region over several fitness levels.

When improvements are being found with probability p,
good parameter values are close to 7 ~ 1/(Ap), as then we
find one improvement in expectation. If the current migra-
tion interval is much smaller, chances of finding an improve-
ment are small, and 7 is likely to increase. Likewise, if 7 is
large, the island will find an improvement with high proba-
bility and halve 7. Thus, the migration interval will reach
an equilibrium state close to 1/(Ap).

Scheme B might have a smaller communication effort as it
does not reset the migration interval to 1, where communica-
tion is most frequent. This, however, only holds if Scheme B
does not lead to an increase in the parallel time. In fact, for
sparse topologies G such as the unidirectional ring there is
a risk that improvements may take a very long time to be
communicated. If, say, all islands had the same migration
interval 7, and one island found a new best solution, it may
take up to diam(G) - 7 generations for this information to
arrive at the last island.

Scheme B therefore makes more sense for dense topolo-
gies such as the complete graph, where diam(G) = 1 and
decreases of T quickly propagate to all islands.

We follow the analysis of Scheme B for adapting the num-
ber of islands in [9]. In both approaches over some time
span a resource is being doubled and halved, depending on
whether an improvement of the best fitness has been found.
In [9] this resource is the number of islands, and hence the
number of function evaluations executed in one generation.
Here it is the number of generations within one migration
period. The time span in [9] is just one generation, leading
to the parallel time in [9] as performance measure. In our
case the time span is the current migration interval, leading
to the communication effort as performance measure.

For A\ = 1 the parallel time in our work equals the sequen-
tial time in [9], and the communication effort in this work
equals the parallel time in [9]. However, a difference emerges
for A > 1 as in our scenario an island has A7t trials to find
an improvement, so the resources for finding improvements
are by a factor of A higher, compared to [9].

We adapt the analysis from [9] to accommodate this differ-
ence. The following lemma is a straightforward adaptation
of parts of [9, Lemma 1], hence a proof is omitted. It esti-
mates the expected communication effort for finding a single
improvement, based on a given initial migration interval 7.
We abbreviate max{z,0} by (z)"

LEMMA 1. Assume an island model with a complete topol-
ogy starts with a migration interval of 7o and that in each
generation each island finds an improvement over the cur-
rent best individual with probability at least p. Let T°™ be
the random number of individuals migrated between islands.
Let 7* be the migration interval at this time (before it is
halved). Then for every o € Ng

1. Pr (log(r*) — (log(1/(Ap)) —
exp(—za)’

2. E(T°™) < A(A

log(7o) >

— 1) ((log(1/(Ap)) — log(m0)) " +2).

log(r0))* +a) <
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The expected number of migrations is expressed as the dif-
ference between logarithms of the ideal value 1/(Ap) and
the initial value 79. If the initial migration interval is larger,
70 > 1/(\p), the expected number of migrations is just 2.
This fact is reflected in the following Theorem. The up-
per bound on the communication effort only contains val-
ues log(1/(\s;)) when the migration interval needs to be
increased, i.e. s; < s;_1. For the special case where fitness

levels get progressively harder, s; > s2 > --- > $m,m—_1, the
bound simplifies significantly.
THEOREM 5. Given success probabilities s1,...,Sm—1 a$

in Theorem 1, for Scheme B we have

3
Z;

! 1
(log ( ) — log (
2 )\ij1

> Sm—1 the latter simplifies to

The upper bound for the expected parallel time is only by a
factor of 3/2 larger than the upper bound for Scheme A.
Hence, both upper bounds are asymptotically equal. In
other words, the reduced communication in Scheme B does
not worsen the running time, for problems where the upper
bounds for Schemes A and B are asymptotically tight.

We give an informal argument to convey the intuition
for this result. Assume that Scheme B has raised the mi-
gration interval from 1 to some large value 7% = 2° be-
fore an improvement is found. Then Scheme B has spent
14244442 =21 _ 1 generations leading up to
this value. In the worst case, the new migration interval
T2 = 271 is too large: improvements are found easily,
and then the algorithm has to idle for nearly 7%/2 genera-
tions before being able to communicate the current best fit-
ness. The total time spent is around 3/2-(2°7! —1), whereas
Scheme A in the same situation would spend 2°7! — 1 gen-
erations. So, in this setting Scheme B needs at most 3/2 as
many generations as Scheme A.

A formal argument was given in [9] to derive an upper
bound for the parallel time of Scheme B, which is 3/2 that
for Scheme A. The bound on the expected communication ef-
fort follows from similar arguments and applying our refined
Lemma 1. We refrain from giving a formal proof here as it
can be obtained with straightforward modifications from the
proof of Theorem 3 in [9].

E(Tp") <

E(T5™) < A(A -

21
1)
(v s (55

For s1 > 89 > - --

m—

+

Jj=

D))

B (TE™) < A(A— 1) - <3m+log (A L

Sm—1

6. PERFORMANCE ON COMMON EXAM-
PLE FUNCTIONS

The analytical frameworks for analysing fixed migration
intervals and our two adaptive schemes can be applied by
simply using lower bounds on success probabilities for im-
proving the current fitness. We demonstrate this approach,
and how to use the results from the previous sections to
analyse the parallel time and the communication effort on
common test problems.

We provide an analysis for the maximisation of the same
pseudo-Boolean test functions investigated in [7].  For



a search point z € {0,1}", =z Z1...Tn, we define
OneMax(x) := > ", «; as the number of ones in z, and
LO(z) :=>", H;Zl z; as the number of leading ones in z.
We also consider the class of unimodal functions taking d fit-
ness values f1,..., fa. A function is called unimodal if every
non-optimal search point has an Hamming neighbour with

strictly larger fitness. Finally for 1 < k < n we consider

Jump, = k+2?:1xi’
PET s, (- )

Where a “jump”, a mutation flipping k specific bits at the
same time, has to be made. The parameter k£ tunes the
difficulty of this function.

if Yz <n—koraz=1",
otherwise .

6.1 Fitness partition and success probabilites

In order to apply Theorems 1, 4, 5, it is just necessary to
define probability s; to move from the fitness level A; to a
better one. Recall that s; is a lower bound on the probability
of one island finding a search point of strictly higher fitness,
given that the population has current best fitness i.

For the simple (1+1) EA, these values are easy to derive:

e For OneMax, a search point with i ones has n—1i zeros.
The probability of a mutation flipping only one of these
zeros is 8; > (n—4)/n - (1 —1/n)""' > (n —1i)/(en).

For LO, it is sufficient to flip the first 0-bit, which has
probability s; > 1/n- (1 —1/n)""* > 1/(en).

For unimodal functions the success probability on each
fitness level is at least s; > 1/n-(1—1/n)""" > 1/(en)
as for any non-optimal point there is always a better
Hamming neighbour.

For Jump, with & > 2, it is possible to find an im-
provement to an individual having up to n — k 1-bits
just increasing the number of ones, thus the s; with
i < n—k are equal to the ones for OneMax. A similar
argument applies to levels n — k < i < n. From an in-
dividual with n — k 1-bits an improvement is found by
generating as offspring a specific bitstring having Ham-
ming distance k from the parent, which has probability
son > (5)-0-2)"" = (2 0

n n)k(l__ = enk -
6.2 Fixed scheme

Given Theorem 1 it is possible to bound the parallel time
and the communication effort for fixed migration intervals
similarly to [7]. For example, for OneMax and the complete
topology we get an expected parallel time of E (7T7%) =

O (n7 + ™%") and an expected communication effort of

E(T°™) = O (\?n + 2nlen),

For fixed A, the value of 7 yields a trade-off between up-
per bounds for the parallel time and that of the commu-
nication effort. In our example, for say A = O(1), we get
E (T?*) = O (nt + nlogn) and E (T°°™) = O (n + "10#)
We can notice how a large 7 always minimises the bound
for the communication effort, while a small one (i.e. 7 =1)
minimises the bound for the parallel time.

Given a fixed number of islands A\, we define the best
7 as the largest 7 that does not asymptotically increase
the bound for the parallel time (compared to T 1).
This assures good scalability while minimising the com-
munication effort. For the example proposed the best 7
is T = @(lc’%). This leads to E(TP*) = O("lo%) and
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E(T°") = O(ZL- B(T7)) = O(& - E(T*™)) = O(\’n).
The results for other topologies and problems are sum-
marised in Table 1. Notice that fixing 7 to its best value is
possible, provided that the number of island is small enough.
Particularly for the example proposed the number of islands

must be A = O(logn) for the best 7 to be defined (7 > 1).

6.3 Adaptive scheme

In order to calculate the parallel time for the adaptive
Scheme A we can refer to the results for the fixed scheme
when 7 = 1, as shown in Theorem 2. For example, our
Scheme A running on a complete topology solves OneMax
in time O("lc’% + n). Scheme B has asymptotically the
same parallel time of Scheme A, as shown in Theorem 5.

We only consider values of A that lead to a linear speedup
as defined in [11]: the expected parallel time for A islands is
by a factor of A smaller than the expected optimisation time
of a single island, in an asymptotic sense. In this setting an
island model thus makes the same expected number of func-
tion evaluations, compared to a single island. In the example
proposed linear speedup is achieved for a number of islands
up to A = O(logn), in fact for a larger number of islands
the upper bound on the parallel time would be O(n) regard-
less of A. The bounds on A limit the best upper bound on
the parallel time achievable with our analytical framework.
Table 1 shows the bound on A for different problems and
topologies and the best achievable parallel time bound.

In order to calculate the communication effort we use The-
orem 4 and 5 for Schemes A and B, respectively. We first get
a general bound for every A included in the linear speedup
bound, and then we calculate it for the maximum value of
A, thus providing the communication effort for the value of
A leading to the best achievable parallel time. Table 1 shows
all results derived in this manner.

6.4 Evaluation of Results

Recall that Table 1 only shows results for linear speedups,
hence all parallel times are equal, but the range of A values
varies between topologies. Comparing the communication
efforts for the best fixed value of 7 against our adaptive
schemes, for OneMax on all topologies the communication
effort is by a small O(loglogn) term larger for the adaptive
schemes, compared to the best fixed 7. The latter varies
according to the topology: it is 7 = ((logn)/\)? for the
ring, 7 = ((logn)/\)*? for the grid, and 7 = (logn)/\ for
the hypercube and the complete graph. So, the additional
O(log log n) factor is a small price to pay for the convenience
of adapting 7 automatically.

For LO and the general bounds for unimodal func-
tions, Scheme A on the ring has a communication ef-
fort of O(n*?logn) compared to O(n?), and for the grid
it is O(n®3logn) versus O(n?). These significant im-
provements show that decreasing the migration interval is
an effective strategy in lowering the communication costs,
without harming the parallel running time. For the hy-
percube the communication effort is lower by a factor
of O(log(n)/loglogn), whereas for the complete graph no
differences are visible in the upper bounds.

For Jump there are no differences for the complete graph,
while on the hypercube Scheme A is by a O(loglog(n®~"))
factor worse than the best fixed value. For rings and grids
the adaptive scheme is better; the performance gap even
grows with k& and hence the difficulty of the function.



Comparing Schemes A and B, both achieve similar results.
For LO we see an advantage of Scheme B over Scheme A: the
general bound for the communication effort of Scheme A is
O(Mnlog(n/))), whereas that for Scheme B is O(A\?n). This
makes sense as the probability for finding an improvement
in one generation is of order ©(A/n) for the considered A,
and the ideal value for the migration interval is in the re-
gion of ©(n/\). Scheme A needs to increase the migration
interval around log(n/\) times to get into this range, which
is precisely the performance difference visible in our upper
bounds. The difference disappears for A = O(n).

The same argument also applies to the more general func-
tion class of unimodal functions.

7.

CONCLUSIONS

We have presented two adaptive schemes for adapting the

migration interval in island models.

Both schemes have

been accompanied by analytical frameworks that yield up-
per bounds on the expected parallel time and the expected
communication effort, based on probabilities of fitness im-
provements in single islands running elitist EAs. The results
show that our schemes are able to decrease the communica-
tion effort without significantly compromising exploitation.
For arbitrary topologies, we got upper bounds on the ex-
pected parallel time no larger than those for maximum ex-
ploitation, that is, migration in every generation.

Example applications to common example functions re-
vealed that, in the realm of linear speedups and compar-
ing against the best fixed choice of the migration inter-
val, the expected communication effort was larger by a tiny
O(loglogn) term for OneMax and similarly for the hyper-
cube on Jump, but significantly smaller on LO, for a general
analysis of unimodal functions, and for rings and grids on
Jump. Both schemes are able to match the performance of
the best fixed migration interval up to doubly logarithmic
factors, or they can perform significantly better by polyno-
mial factors.
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Table 1: Overview of expected parallel optimisation times and expected communication efforts for island mod-
els with )\ islands running a simple (1+1) EA on common example functions, derived using Theorems 1, 2, 3,
and 5. As explained in Sections 6.2 and 6.3, the table shows restrictions on \ to yield linear speedups and
fixed values for 7 leading to the best upper bounds for the communication effort, while not increasing the
parallel running time. For both parallel time and communication effort we show bounds for general \ in the
realm of linear speedups, and the best parallel time E (72 ) achieved by using the largest such ), along with

the corresponding communication effort E (T} ) for the same A. For Jump, we assume 3 < k = O(n/(logn)).

Problem Topology and Scheme A E (TP*) ~ E (TP) | E(T°™) ~ E (Tm)
OneMax Complete, Scheme A O(logn) O (%logn) ~ O(n) O(\%n) ~ O(nlog?(n))
Complete, Scheme B O(logn) O (%logn) ~ O(n) O(A\2n) ~ O(nlog?(n))
Complete, 7 = © (10%) O(logn) (0] (% log n) ~ O(n) O(A\?n) ~ O(n logz(n))
Ring, Scheme A O(logn) @] (% logn) ~ O(n) O(nXlog A\) ~ O(nlog(n)loglog(n))
. og 1 2 n 277,
Ring, 7 =0 ((%) ) O(logn) (0] (X logn) ~ O(n) (0] (légn) ~ O(nlog(n))
Grid, Scheme A O(logn) @] (% logn) ~ O(n) O(nXlog A\) ~ O(nlog(n)loglog(n))
. logn 3/2 n A3/2p
Grid, 7= © (T) O(logn) O (%logn) ~ O(n) (0] (m) ~ O(nlog(n))
Hypercube, Scheme A O(logn) O (%logn) ~ O(n) O(nXlog(N) loglog(N))
~ O(nlog(n) loglog(n) logloglog(n))
Hypercube, 7 = © (%) O(logn) O (%logn) ~ O(n) O(nXlog A) ~ O(nlog(n)loglog(n))
LO Complete, Scheme A O(n) (0] "72 ~ O(n) O (A?nlog (%)) ~ O(n3)
Complete, Scheme B O(n) (0] "TZ ~ O(n) O (A%n) ~ O(n3)
Complete, 7 =© (%) O(n) o "TZ ~ O(n) O (A%n) ~ O(n?)
Ring, Scheme A O(n'/?) (0] "72 ~ O(n3/2) O(Anlog (%)) ~ O(n3/?logn)
Ring, 7 = © (;7) om/2) | 0(22) ~0m*?) | 0(\2n) ~ O(n?)
Grid, Scheme A O(n?/3) (0] "TZ ~ O(nt/3) O(Anlog (%)) ~ O(n%/31ogn)
Grid, 7 = © (ﬁ) om2/3) | 0(22) - 0m/3) | 0mA¥/?2) — 0(n?)
Hypercube, Scheme A O % @] "TZ ~ O(nlogn) | O (Alog(A)nlog (%)) ~ O(n? loglogn)
Hypercube, 7 = © (#gn) % (0] "72 ~ O(nlogn) | O(Alog(A\)nlog(n)) ~ O(n?logn)
unimodal f Complete, Scheme A O(n) (0] dT" ~ O(d) O(\%dlog (%)) ~ O(n2d)
with d f-values | Complete, Scheme B O(n) (0] dT" ~ O(d) O(\?d) ~ O(n?d)
Complete, 7 =© (%) O(n) o dT" ~ O(d) O(A\2d) ~ O(n2d)
Ring, Scheme A O(n'/?) (0] dT" ~ O(dn'/?) | O (Mdlog (%)) ~ O(dn'/?logn)
Ring, 7 = © (;7) Om/2) | O(4n) « 0(dn'/2) | O(\2d) ~ O(dn)
Grid, Scheme A om?/3)) | o dT" ~ O(@dn'/3) | O (Adlog (%)) ~ O(dn?/3 logn)
Grid, 7= © (#) O(n?/3)) | O (42) « O(dnl/3) | O(N3/2d) ~ O(dn)
Hypercube, Scheme A O @ @] dT" ~ O(dlogn) | O (Alog(A)dlog (%)) ~ O(dnloglogn)
Hypercube, 7 = © (#gn) % (0] dT" ~ O(dlogn) [ O(Alog(N)dlog(n)) ~ O(dnlogn)
Jump,, Complete, Scheme A O(nF—1) (0] % ~ O(n) O(N\2n) ~ O(n?F—1)
Complete, Scheme B omnF—1) | o % ~ O(n) O(N\2n) ~ O(n?F—1)
Complete, 7 = © <"k)\_l) omnF—1) | o % ~ O(n) O(N\2n) ~ O(n?F—1)
Ring, Scheme A O(nk/?) (0] % ~s O(nk/2) O(nAlog \) ~ O(kn*/2+110gn)
Ring, 7 = © (g_g) Om*/2) | 0(12) w0m/2) | 0(A2) ~ Onk)
Grid, Scheme A O (n?*/3) | O % ~s O(nk/3) O(nA\log \) ~ O(kn2k/3+1 10g n)
. nk . nk . .
Grid, 7= © (7)) O (n2/3) | 0 (52) w 0mk/3) | 0(A3/2) w O(n*)
k
Hypercube, Scheme A on*=1 | o ("T) ~ O(n) O(nXlog()) loglog()\))
~ O(kn*log(n) loglog(n*—1))
_ nkt k—1 nk k
Hypercube, 7 = © ( "~ O(nt—1) O (%)~ O(n) O(nXlog A) ~ O(kn”logn)

1054




 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 8.500 x 11.000 inches / 215.9 x 279.4 mm
     Shift: move left by 7.20 points
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20140423074528
       792.0000
       US Letter
       Blank
       612.0000
          

     Tall
     1
     0
     No
     795
     352
     Fixed
     Left
     7.2000
     0.0000
            
                
         Both
         1
         AllDoc
         5
              

       CurrentAVDoc
          

     Uniform
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2 2.0
     Quite Imposing Plus 2
     1
      

        
     6
     8
     7
     8
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Trim: fix size 8.500 x 11.000 inches / 215.9 x 279.4 mm
     Shift: move down by 23.83 points
     Normalise (advanced option): 'original'
      

        
     32
            
       D:20140423074528
       792.0000
       US Letter
       Blank
       612.0000
          

     Tall
     1
     0
     No
     795
     352
    
     Fixed
     Down
     23.8320
     0.0000
            
                
         Both
         1
         AllDoc
         5
              

       CurrentAVDoc
          

     Uniform
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2 2.0
     Quite Imposing Plus 2
     1
      

        
     6
     8
     7
     8
      

   1
  

 HistoryList_V1
 qi2base





